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Abstract
This paper is a systematic study of reflection theorems for cardinal functions. There are four
sections: theory of reflection; reflection theorems for c, e, s, hd, hL, L, d , and nw; reflection theorems
for χ , t , ψ , and psw (assuming compactness); reflection theorems for w, pw, and piw. This last
section includes a standard (i.e., without elementary submodels) proof of Dow’s remarkable theorem
that every countably compact space that is not metrizable has a subspace of cardinality at most ω1
that is not metrizable. Ó 2000 Elsevier Science B.V. All rights reserved.
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0. Introduction
This paper is a systematic study of reflection theorems for cardinal functions. There are
four sections as follows:
(1) theory of reflection;
(2) reflection theorems for c, e, s, hd, hL, L, d , and nw;
(3) reflection theorems for χ , t , ψ , and psw (assuming compactness);
(4) reflection theorems for w, pw, and piw.
In Section 1 we study a number of properties related to reflection: φ reflects κ ; φ strongly
reflects κ ; φ satisfies the increasing union property at κ ; φ has the Darboux property at κ .
In Section 2 we show that the following cardinal functions strongly reflect all infinite
cardinals: c, e, s, hd, and hL (cellularity, extent, spread, hereditary density, and hereditary
Lindelöf degree). We also obtain reflection theorems for L, d , and nw (Lindelöf degree,
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density, and net weight), but the situation with respect to these cardinal functions is not
quite so straightforward. In Section 3 we show that a number of cardinal functions do
not reflect: χ , t , ψ , and psw (character, tightness, pseudo-character, and point-separating
weight). On the other hand, for the class of compact Hausdorff spaces, each of these
functions strongly reflects all cardinals (for the last two we also assume GCH). Finally,
Section 4 is devoted to reflection theorems for w, pw, and piw (weight, point-weight, and
pi -weight).
Most of the results in Section 4 are already known. For example, in [9] Hajnal and Juhász
proved the beautiful result that weight reflects all infinite cardinals.
Theorem (Hajnal–Juhász reflection theorem). If w(X)> κ , then there exists Y ⊆X such
that |Y |6 κ and w(Y )> κ . In particular, for κ = ω1 we have: if X has no countable base,
then there is a subspace of X of cardinality 6 ω1 that has no countable base.
The Hajnal–Juhász proof is an ingenious application of the closure method, the heart of
many arguments in the theory of cardinal functions. In 1988, Dow [2] solved a problem
posed by Juhász by proving the following result.
Theorem (Dow reflection theorem). Let X be countably compact. If X is not metrizable,
then there is a subspace of X of cardinality 6 ω1 that is not metrizable.
There is another version of Dow’s theorem (see [3]).
Theorem (Dow). Let X be a countably compact T3-space. If X has no point-countable
base, then there is a subspace of X of cardinality 6 ω1 that has no point-countable base.
In his proof Dow introduced a new technique into set-theoretic topology: elementary
submodels. This is a broad framework for closure arguments that has its origins in
mathematical logic. We will give a proof of Dow’s theorem without this theory; rather,
our proof is a traditional closure argument similar to the Hajnal–Juhász proof, but with
many key ideas from Dow. Moreover, our proof shows that if φ is any monotone cardinal
function such that pw6 φ 6w, then φ reflects all infinite cardinals for the class of compact
Hausdorff spaces. Finally, we use these ideas to give a standard (= without elementary
submodels) proof of a theorem of Vaughan [20].
We use κ , λ, µ to denote infinite cardinals and α, β , γ , δ to denote ordinals. The
following fact is often used: every cardinal κ > ω is either a successor cardinal (κ = λ+)
or a limit cardinal (if λ < κ , then λ+ < κ). Recall that κ is a strong limit if λ < κ implies
2λ < κ .
For definitions of cardinal functions, see [4,11], or [13]. The cardinal function pw (point-
weight) is defined as follows: pw(X) is the smallest infinite cardinal κ such that X has
a base B with the property that every point of X is in at most κ elements of B. Thus,
pw(X)= ω if and only if X has a point-countable base.
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A cardinal functionφ is monotone if φ(Y )6 φ(X) for every subset Y ofX. For example,
w, nw, pw, s, t , χ , ψ , and psw are monotone but c, L, d , e and piw are not. For φ not
monotone, we obtain a new cardinal function hφ defined by
hφ(X)= sup{φ(Y ): Y ⊆X}.
For example, hd and hL are two important cardinal functions obtained in this way; also
recall that s = hc= he. The cardinal function hφ is always monotone.
A space X is initially κ-compact if every open cover of X of cardinality at most κ
has a finite subcover. By a classical result of Alexandroff and Urysohn, this is equivalent
to: every infinite subset of X of cardinality at most κ has a complete accumulation point
(see [18]). Note that initially ω-compact is the same as countably compact. The Σ-spaces
and strong Σ-spaces of Nagami were introduced in [17]. Recall that every countably
compact space is a Σ-space and every compact space is a strong Σ-space. The strong
Σ-spaces extend to higher cardinality (denoted Σ(X)), and the following holds for every
T3-space X: Σ(X)psw(X)e(X)= n(X) (see [10]).
1. Theory of reflection
The concept of reflection in set theory is summarized by Maddy [14, p. 503] in this
way: “The universe of sets is so complex that it cannot be completely described; therefore,
anything true of the entire universe must already be true of some initial segment of the
universe.” Also see Martin, p. 85 in [15]. We define reflection for cardinal functions as
follows.
Definition 1.1. Let φ be a cardinal function and let κ be an infinite cardinal. Then φ
reflects κ means:
if φ(X)> κ, then there exists Y ⊆X with |Y |6 κ and φ(Y )> κ .
This is equivalent to:
if φ(Y ) < κ for all Y ⊆X with |Y |6 κ , then φ(X) < κ .
For example, the Hajnal–Juhász theorem [9] states that w reflects all infinite cardinals. For
some cardinal functions it is necessary to restrict the class of spaces under consideration in
order to obtain a reflection theorem. The appropriate definition in this case is as follows: φ
reflects κ for the class C if given X ∈ C with φ(X) > κ , there exists Y ⊆ X with |Y |6 κ
and φ(Y )> κ .
Note. Every cardinal function φ is defined so that φ(X)> ω always holds; it easily follows
that φ reflects ω. So in our discussion of reflection theorems, we may assume that κ > ω.
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We now have two goals: show that certain cardinal functions reflect all infinite cardinals;
give applications of reflection. For this the following two ideas will be useful.
Definition 1.2. Let φ be a cardinal function and let κ > ω.
(1) φ strongly reflects κ means: if φ(X)> κ , then there exists Y ⊆X such that
(a) |Y |6 κ ;
(b) if Y ⊆Z ⊆X, then φ(Z)> κ .
(2) φ satisfies IU(κ) (IU = increasing union) provided the following holds. Suppose
that X =⋃{Xα: α < λ}, where κ < λ, λ is regular, and {Xα : α < λ} is increasing
(α < β⇒Xα ⊆Xβ). If φ(Xα) < κ for all α < λ, then φ(X) < κ .
Note that both properties hold for κ = ω. The study of reflection and the increasing
union property was initiated by Tkacˇenko in [19] and continued by Juhász in [13]. The
relationship between reflection, strong reflection, and the increasing union property is
summarized as follows.
Theorem 1.3. Let φ be a cardinal function and let κ > ω.
(1) If φ strongly reflects κ , then φ reflects κ . Moreover, if φ is monotone and φ reflects
κ , then φ strongly reflects κ .
(2) If φ strongly reflects κ , then φ satisfies IU(κ).
Proof of (2). Let X = ⋃{Xα : α < λ}, where κ < λ, λ is regular, {Xα: α < λ} is
increasing, and φ(Xα) < κ for all α < λ. Suppose that φ(X)> κ . Since φ strongly reflects
κ , there exists Y ⊆ X such that |Y | 6 κ and φ(Z) > κ for all Z with Y ⊆ Z ⊆ X. Now
{Xα: α < λ} is increasing and κ < λ with λ regular, hence there exists α < λ such that
Y ⊆Xα . Then φ(Xα)> κ , a contradiction. 2
The next two lemmas are often used to streamline reflection proofs.
Lemma 1.4. If φ reflects κ+, then hφ strongly reflects κ+.
Proof. Since hφ is monotone, it suffices to show that hφ reflects κ+. Let hφ(X) > κ+.
Now κ+ is a successor cardinal, hence there is a subset Y of X with φ(Y ) > κ+. But φ
reflects κ+, so there exists Z ⊆ Y such that |Z|6 κ+ and φ(Z)> κ+. Clearly hφ(Z)> κ+
as required. 2
Lemma 1.5. If φ strongly reflects all successor cardinals, then φ strongly reflects all
infinite cardinals. In particular, if φ is monotone and reflects all successor cardinals, then
φ strongly reflects all infinite cardinals.
Proof. The argument given here is the general version of a technique used by Hajnal and
Juhász in [9]. Let κ be a limit cardinal and let φ(X)> κ . For each infinite cardinal λ < κ ,
φ(X)> λ+, hence there is a subset Yλ of X with |Yλ|6 λ+ and φ(Z)> λ+ for all Z such
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that Yλ ⊆ Z ⊆ X. Let Y =⋃{Yλ: λ < κ}; clearly |Y | 6 κ and φ(Z) > κ for all Z with
Y ⊆Z ⊆X. 2
There is another property related to reflection that was first studied by Hajnal and Juhász
in [8].
Definition 1.6 (Hajnal–Juhász). A cardinal function φ has the Darboux property at κ if
the following holds: if φ(X) > κ , then there exists Y ⊆X such that φ(Y )= κ .
It is clear that all of the cardinal functions under consideration have the Darboux
property at ω; hence we may always assume that κ > ω. The connection between reflection
and the Darboux property is as follows.
Theorem 1.7. If φ reflects κ , and φ 6 | | (i.e., φ(X)6 |X| +ω for all X), then φ has the
Darboux property at κ .
Proof. Let φ(X) > κ > ω1. Then φ(X)> κ , and since φ reflects κ , there is a subset Y of
X with |Y |6 κ and φ(Y )> κ . But φ(Y )6 |Y |6 κ , so φ(Y )= κ as required. 2
The hypothesis in Theorem 1.7 that φ 6 | | cannot be omitted. Thanks to Hajnal and
Juhász, we know that w reflects every κ but need not have the Darboux property at κ
(see [6,8]).
Let us summarize the four reflection properties in a diagram.
It is natural to ask whether the Darboux property and the increasing union property
together imply the reflection property. The next result gives a negative answer to this
question.
Theorem 1.8. For each κ > ω1, there is a cardinal function φ such that
(1) φ is monotone and φ 6 | |;
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(2) φ satisfies IU(κ) and has the Darboux property at κ ;
(3) φ does not reflect κ .
Proof. Let µ= sup{κn: n ∈ ω}, where {κn: n ∈ ω} is the sequence of cardinals defined by
κ0 = κ and κn+1 = κ+n for all n ∈ ω. Note that cf (µ)= ω. Define φ by
φ(X)=
{
ω, |X|<µ;
κ, |X|>µ.
Any space X with |X|> µ shows that φ does not reflect κ . Since φ(X) > κ is impossible,
φ automatically has the Darboux property at κ . To verify that φ satisfies IU(κ), let
X=⋃{Xα: α < λ}, where κ < λ, λ is regular, {Xα: α < λ} is increasing, and φ(Xα) < κ
for all α < λ (i.e., |Xα|<µ for all α < λ); it suffices to show that |X|<µ.
Now {Xα : α < λ} is increasing, cf (λ) > ω, and |Xα|<µ for all α < λ, hence for some
j ∈ ω, |Xα|6 κj for all α < λ. If λ < µ, then |X|<µ is clear. So suppose that λ > µ, and
also suppose that |X| > µ. Let Y ⊆ X with |Y | = κj+1. Since λ > κj+1 and λ is regular,
there exists α < λ such that Y ⊆Xα . Thus |Y |6 |Xα|6 κj , a contradiction. 2
2. Reflection theorems for c, e, s, hd, hL, L, d , and nw
Our first result states that a number of important cardinal functions strongly reflect all
infinite cardinals.
Theorem 2.1. The cardinal functions c, e, s, hd, and hL strongly reflect all infinite
cardinals.
Proof. First consider the cardinal function c. By Lemma 1.5, it suffices to show that c
strongly reflects every successor cardinal κ+. Let c(X) > κ+. Since κ+ is a successor
cardinal, there is a pairwise disjoint collection {Vα: α < κ+} of non-empty open sets in
X. Let Y = {xα: α < κ+}, where xα ∈ Vα for all α < κ+. Clearly |Y |6 κ+ and moreover
c(Z)> κ+ for all Z with Y ⊆Z ⊆X. The proof for the cardinal function e is similar and
is left to the reader.
Now consider s. Since s = hc and c reflects all successor cardinals, Lemmas 1.4 and 1.5
apply and s strongly reflects all infinite cardinals. A similar proof works for hd and hL
provided we can show that d and L reflect all successor cardinals κ+. These two required
results on d and L will be discussed later in this section. 2
Corollary 2.2. The following cardinal functions satisfy IU(κ) and have the Darboux
property at κ for all infinite cardinals κ : c, e, s, hd, hL.
Proof. Use Theorems 2.1, 1.3(2) and 1.7. (The fact that c, s, hd, and hL satisfy IU(κ) is
proved by Juhász in [13]; see 6.1.) 2
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We now consider reflection properties for the cardinal function L.
Theorem 2.3. The following hold:
(1) L reflects every successor cardinal;
(2) L reflects every singular strong limit cardinal for the class of Hausdorff spaces;
(3) assuming GCH+ (no inaccessible cardinals), L reflects all cardinals for the class
of Hausdorff spaces;
(4) for a singular cardinal κ , L need not have the Darboux property at κ (hence need
not reflect κ) for the class of T1-spaces;
(5) for each uncountable cardinal κ , L need not satisfy IU(κ) and need not strongly
reflect κ for the class of completely normal Hausdorff spaces.
Proof. (1) The proof is a now standard technique due to Hajnal and Juhász: letL(X)> κ+;
there is an open cover U of X such that no subcollection of U of cardinality6 κ coversX;
construct {Uα: α < κ+} ⊆ U and Y = {xα: α < κ+} ⊆X with xα ∈ (Uα −⋃β<α Uβ) for
all α < κ+; clearly L(Y )> κ+.
(2) Let L(X) > κ , where κ is singular strong limit cardinal. By the Hajnal–Juhász
inequality |X|6 exp(exp(s(X))), s(X)> κ , hence there is a discrete subset Y of X with
|Y | = κ (see Hajnal and Juhász [7]). Clearly L(Y )= κ as required.
(4) Let κ be a singular cardinal. The example we construct is the dual of one constructed
by Hajnal and Juhász in [8]. LetX= [0, κ+); a base for the required topology onX consists
of all sets of the form
[0, α)− {α1, . . . , αn} (α1, . . . , αn < α < κ+).
It is clear that X is T1 and that L(X)> κ (in fact L(X)= κ+). Let Y ⊆X, and let us show
that L(Y ) 6= κ . We consider two cases. If |Y | = κ+, then L(Y )= κ+ is clear. So suppose
|Y |6 κ , and let us show that L(Y ) < κ . There is an ordinal α < κ+ such that Y is order
isomorphic to α. Moreover, α = β+k, where β is a limit ordinal and k ∈ ω. Let µ= cf (β);
µ is regular and so µ< κ . Finally, it is not difficult to check that L(Y )6 µ.
(5) Let κ be uncountable. The required space is X = [0, κ+) with the order topology.
Clearly L(X) = κ+. We show that X = ⋃{Xα : α < κ+}, where {Xα: α < κ+} is
increasing and L(Xα) = ω for all α < κ+. Let Xα = [0, α]; then L(Xα)= ω holds since
each Xα is compact. 2
We now turn to d . In [8], Hajnal and Juhász proved a number of results on density and
the Darboux property. As our next result shows, these were really reflection theorems.
Theorem 2.4. The following are equivalent for any cardinal κ .
(1) d reflects κ ;
(2) d has the Darboux property at κ .
Proof. The implication (1)⇒ (2) follows from Theorem 1.7. To prove (2)⇒ (1), assume
that d has the Darboux property at κ and let d(X)> κ . By the Darboux property, we may
54 R.E. Hodel, J.E. Vaughan / Topology and its Applications 100 (2000) 47–66
assume that d(X)= κ . Let D be a dense subset of X with |D| = κ . By basic properties of
dense sets, d(D)= κ must hold as required. 2
Theorem 2.4 allows us to summarize the Hajnal–Juhász results in terms of reflection as
follows.
Theorem 2.5 (Hajnal and Juhász [8]). The following hold:
(1) d reflects every regular cardinal;
(2) d reflects every strong limit cardinal for the class of Hausdorff spaces;
(3) assuming GCH, d reflects all cardinals for the class of Hausdorff spaces;
(4) d need not reflect a singular cardinal for the class of T1-spaces.
Theorem 2.5(2) can be generalized as follows.
Theorem 2.6. Let κ be a strong limit cardinal. Then d strongly reflects κ for the class of
Hausdorff spaces.
Proof. Let d(X)> κ . There exists Y ⊆ X with |Y | = κ . Let Y ⊆ Z ⊆X, and let us show
that d(Z) > κ . Suppose that d(Z) < κ . The de Groot inequality |Z| 6 exp(exp(d(Z)))
then gives |Z|< κ , a contradiction. 2
On the other hand, d need not strongly reflect a successor cardinal.
Theorem 2.7. For each successor cardinal κ+, there is a completely regular Hausdorff
space X such that
(1) d(X)> κ+ (in fact d(X)= κ++);
(2) X =⋃{Xα: α < κ++}, where {Xα : α < κ++} is increasing and d(Xα)6 κ for all
α < κ++.
It follows that for the class of completely regular Hausdorff spaces, and for all successor
cardinals κ+, d need not satisfy IU(κ+) and need not strongly reflect κ+.
Proof. The required spaceX is a subspace of the Cantor cubeD(κ++) of weight κ++ (the
product of κ++ copies of {0,1}). Let X =⋃{Xα: α < κ++}, where for each α < κ++,
Xα =
{
f : f ∈D(κ++) and f (β)= 0 for α < β < κ++}.
For each α < κ++, Xα is homeomorphic to a product of 6 κ+ copies of {0,1}, hence by
the Hewitt–Marczewski–Pondiczery Theorem on the density of products, d(Xα) 6 κ for
all α < κ++ (see 11.2 in [11]).
To check d(X) > κ++, let D ⊆ X with |D| 6 κ+. There exists α < κ++ such that
D ⊆Xα . Define g :κ++→ {0,1} by
g(γ )=
{
1, γ = α + 1;
0, otherwise.
Then g ∈X but g /∈D−. 2
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The example in Theorem 2.5(4) can be used to prove the following.
Theorem 2.8. For each infinite cardinal κ , there is a T1-space X such that
(1) d(X)= κ+;
(2) X =⋃{Xα: α < κ+}, where {Xα : α < κ+} is increasing and d(Xα) = ω for all
α < κ+.
It follows that for the class of T1-spaces, and for all uncountable cardinals κ , d need not
satisfy IU(κ) and need not strongly reflect κ .
Proof. Let X = [0, κ+); a base for the required topology on X consists of all sets of the
form
[α,κ+)− {α1, . . . , αn} (α < α1, . . . , αn < κ+).
Clearly (1) holds. To verify (2), it suffices to construct a sequence {Xα: α < κ+} of subsets
of X such that for all α < κ+, (a) if β < α, then Xβ ⊆ Xα ; (b) α ∈ Xα ; (c) |Xα| 6 κ
and d(Xα) = ω. Suppose that the sets {Xβ : β < α} have already been constructed. Let
γ =⋃β<α Xβ , let 〈βn〉 be a strictly increasing sequence in κ+ with α,γ < β0, and let
Xα = (⋃β<α Xβ) ∪ {α} ∪ {βn: n ∈ ω}. Note that {βn: n ∈ ω} is a countable dense subset
of Xα . 2
We now turn to the monotone cardinal function nw. Our first result shows that for the
class of compact T1-spaces, nw need not reflect a successor cardinal κ+. First we need a
lemma.
Lemma 2.9. Let X be a T0-space. Then |X|6 2nw(X).
Proof. Let N be a net for X with |N | 6 κ . The function f :X→ P(N ) defined by
f (x)= {N : N ∈N and x ∈N}, is one-to-one. 2
Theorem 2.10. For each κ > ω there is a compact T1-space X such that
(1) nw(X)> κ+;
(2) X =⋃{Xα: α < (2κ)+}, where {Xα : α < (2κ)+} is increasing and nw(Xα)6 κ for
all α < (2κ)+.
It follows that for the class of compact T1-spaces, nw need not satisfy IU(κ+) and need
not reflect κ+.
Proof. Let X = [0, (2κ)+) with the cofinite topology. Lemma 2.9 immediately gives (1).
To prove (2), let Xα = [0, α] for α < (2κ)+. To see that nw(Xα)6 κ , we use a set-theoretic
lemma: if |Y |6 2κ , then there is a collection N of subsets of Y with |N | 6 κ such that
whenever x1, . . . , xk are distinct elements of Y , there is a pairwise disjoint subcollection
N1, . . . ,Nk of N with xi ∈Ni for 16 i 6 k (see 11.1 in [13]). Apply the lemma to Xα to
obtain N ; since Xα has the cofinite topology, it is easy to check that N is a net for Xα , so
nw(Xα)6 κ as required. 2
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On the other hand, for the class of T0-spaces, nw does reflect every strong limit cardinal.
Theorem 2.11. Let κ be a strong limit cardinal. Then nw reflects κ for the class of T0-
spaces.
Proof. Let nw(X) > κ . Then |X| > κ , hence there exists Y ⊆ X with |Y | = κ . Suppose
nw(Y )= λ < κ . By Lemma 2.9, |Y |6 2λ < κ , a contradiction that |Y | = κ . 2
Despite the negative result given by Theorem 2.10, we can show that for the class of
Hausdorff spaces, it is consistent that nw reflects all cardinals.
Theorem 2.12. Assume GCH. For the class of Hausdorff spaces, nw reflects every infinite
cardinal.
Proof. Let X be a Hausdorff space with nw(X)> κ . Now hL reflects all infinite cardinals,
and hL 6 nw, so we may assume that hL(X) < κ . By de Groot’s inequality |X| 6 2hL(X)
(see [5] or 4.10 in [11]) and GCH, |X|6 κ . ThusX itself witnesses the fact that nw reflects
κ . 2
In the proof of the above result, we have used the following useful principle for proofs
of reflection theorems: Let φ and ψ be cardinal functions with φ 6 ψ , and assume that φ
reflects κ . In a proof that ψ reflects κ , we may assume that φ(X) < κ .
In [19] Tkacˇenko asserts that for the class of compact Hausdorff spaces, nw reflects
every cardinal κ . We extend this result to the class of strong Σ-spaces of Nagami.
Theorem 2.13. For the class of T3 strong Σ-spaces, nw reflects every infinite cardinal κ .
Proof. By Lemma 1.5, it suffices to show that nw reflects every successor cardinal. Let
nw(X)> κ+, and let us show that there is a subset Y ofX with |Y |6 κ+ and nw(Y )> κ+.
Now hL reflects all cardinals, and hL 6 nw, so we may assume that hL(X) 6 κ ; in
particular, L(X)6 κ . It is a consequence of Proposition 4.2 in [10] (Σ(X)psw(X)e(X)=
nw(X)) that ∆(X) > κ+, hence hL(X × X) > κ+. (Note: ∆(X) is the diagonal degree
of X; see [11].) Since hL reflects, there is a subset Y of X ×X such that |Y | 6 κ+ and
hL(Y )> κ+. Let Y1 and Y2 be the projections of Y into the first and second coordinates of
X ×X. Clearly |Y1| 6 κ+ and |Y2| 6 κ+; moreover, at least one of these sets must have
net weight > κ+. For, if nw(Y1) 6 κ and nw(Y2)6 κ , then nw(Y )6 nw(Y1 × Y2) 6 κ , a
contradiction. 2
Note. The above proof for κ = ω goes through if we weaken “strong Σ-space” to “Σ-
space”. This gives the following result.
Corollary 2.14. Let X be a T3 Σ-space (in particular, a countably compact T3-space). If
X does not have a countable net, then there is a subset Y of X such that |Y |6 ω1 and Y
does not have a countable net.
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Corollary 2.15. For the class of T3 strong Σ-spaces, nw has the Darboux property at
every infinite cardinal κ .
3. Reflection theorems for χ , t , ψ , and psw (assuming compactness)
Our first result shows that the monotone functions χ , t , ψ , and psw need not reflect any
uncountable cardinal, even for the class of completely normal paracompact spaces.
Theorem 3.1. For each κ > ω there is a completely normal paracompact Hausdorff space
X with the following properties:
(1) φ(X)= κ+ for each φ ∈ {χ, t,ψ,psw};
(2) X =⋃{Xα : α < κ+}, where {Xα : α < κ+} is increasing and each Xα is discrete
(hence φ(Xα)= ω for each φ ∈ {χ, t,ψ,psw}).
It follows that for all κ > ω1, the cardinal functions χ , t , ψ , and psw need not satisfy IU(κ)
and need not reflect κ .
Proof. Let X = [0, κ+]; a base for the required topology on X consists of all sets of the
form
{α} and (α, κ+] (06 α < κ+).
Part (1) holds since t (κ+,X)=ψ(κ+,X)= κ+. For (2), let Xα = [0, α] ∪ {κ+}. 2
Although χ , t , ψ , and psw need not reflect, the situation changes if we restrict ourselves
to the class of compact Hausdorff spaces. First let us consider t and χ .
Theorem 3.2. For the class of compact Hausdorff spaces, t reflects all infinite cardinals.
Proof. Since t is monotone, it suffices to prove that t reflects every successor cardinal κ+
(see Lemma 1.5). Let t (X)> κ+. Then X has a free sequence of length κ+ (see [1]), say
Z = {xα : 06 α < κ+}.
Let p ∈⋂α<κ+{xβ : β > α}− and let Y = Z ∪ {p}. Then |Y | 6 κ+ and t (p,Y ) > κ+ as
required. 2
To prove the corresponding result for χ , we need the following key result from Juhász
(see 6.14b in [13]).
Theorem 3.3 (Juhász). Let λ be an uncountable cardinal, let X be a compact Hausdorff
space with t (X) < λ, and let χ(p,X) > λ. Then there exists Y ⊆X with |Y |6 λ, p ∈ Y ,
and χ(p,Y )> λ.
Corollary 3.4. For the class of compact Hausdorff spaces, χ reflects all infinite cardinals.
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Proof. Since χ is monotone, it suffices to prove the result for a successor cardinal κ+. Let
χ(X)> κ+. Since κ+ is a successor cardinal, there exists p ∈X such that χ(p,X)> κ+.
Now t 6 χ , and t reflects for compact Hausdorff spaces, hence we may assume that
t (X) 6 κ . Theorem 3.3 now applies with λ = κ+ and there exists Y ⊆ X with |Y | 6 κ+
and χ(Y )> κ+ as required. 2
We now show that, under GCH, psw and ψ reflect all infinite cardinals for the class of
compact Hausdorff spaces. Both results use the following key lemma (see Construction 3.5
in [18]).
Lemma 3.5. Let X be an initially κ-compact space and let A ⊆ X with |A| 6 2κ . Then
there is a subset Y of X such that A⊆ Y, |Y |6 2κ , and Y is initially κ-compact.
For psw, we need a generalization of the result that w(X)= psw(X) for X compact and
Hausdorff (see 7.4 in [11]). The required proof is just a slight modification of the one given
in [11] and so most of the details are omitted.
Lemma 3.6. Let X be an initially κ-compact Hausdorff space. If psw(X) 6 κ , then
psw(X)=w(X).
Outline of proof. First note: if U is an open cover of X with ord(p,U)6 κ for all p ∈X,
then there is an subcollection of U of cardinality at most κ that covers X (see 9.2 in [11]).
Now let psw(X)= λ6 κ and let S be a separating open cover of X with ord(p,S)6 λ for
all p ∈X.
(1) Use S to construct a net N for X of cardinality at most λ.
(2) Use N to construct a base for X of cardinality at most λ. 2
Theorem 3.7. Assume GCH. For the class of compact Hausdorff spaces, psw reflects all
infinite cardinals.
Proof. Since psw is monotone, it suffices to prove the result for a successor cardinal κ+.
Let psw(X)> κ+. Then w(X)> κ+, hence by the Hajnal–Juhász reflection theorem there
is a subset Y of X with |Y |6 κ+ and w(Y ) > κ+. By Lemma 3.5 and 2κ = κ+, we may
assume that Y is initially κ-compact. By Lemma 3.6, psw(Y )> κ+ as required. 2
Theorem 3.8. Assume GCH. For the class of compact Hausdorff spaces, ψ reflects all
infinite cardinals.
Proof. Similar to the proof of Theorem 3.7, with these changes: (1) use the fact that χ
reflects for the class of compact Hausdorff spaces; (2) use the fact that if Y is an initially
κ-compact T3-space, and ψ(Y )6 κ , then χ(Y )=ψ(Y ). 2
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4. Reflection theorems for w, sw, and piw
The following remarkable theorem is due to Hajnal and Juhász: w reflects every infinite
cardinal κ . Related to this result is an equally remarkable theorem of Dow: ifX is countably
compact but not metrizable, then there is a subspace of X of cardinality 6 ω1 that is not
metrizable. Dow’s Theorem can also be stated as follows: pw reflects ω1 for the class of
countably compact T3-spaces. It is this version of Dow’s Theorem, extended to higher
cardinality, that we emphasize.
We use the following notation and terminology. LetX be a topological space. For Y ⊆X
andL a collection of open subsets ofX, (L|Y )= {L∩Y : L ∈ L}. With this notation, (L|Y )
is a base for Y means: if x ∈ Y and R is an open neighborhood of x , then there exists L ∈L
such that x ∈ (L ∩ Y )⊆ R. On the other hand, L is a base for Y means: if x ∈ Y and R is
an open neighborhood of x , then there exists L ∈L such that x ∈ L⊆R.
To clarify the distinction between the two ideas, let us prove the following lemma, which
is very basic and will be used a number of times in this section.
Lemma 4.1 (Basic construction). Let Y ⊆X and let L be a collection of open subsets of
X with |L|6 κ . If L is not a base for Y , then there exists A⊆X with |A|6 κ and (L|A)
is not a base for A. Moreover, there is some point z ∈ (A ∩ Y ) that witnesses this fact
(precisely: there is a neighborhood R of z such that if z ∈L ∈ L, then (L∩A) 6⊂R).
Proof. There exists z ∈ Y and an open neighborhood R of z such that if z ∈ L ∈ L,
then L 6⊂ R. For each L ∈ L with z ∈ L, choose xL ∈ (L − R). The required set is
A= {z} ∪ {xL: L ∈ L and z ∈L}. 2
Theorem 4.2 (Dow for κ = ω). Let κ be an infinite cardinal and let X be an initially κ-
compact T1-space with χ(X) 6 κ . If w(X) > κ+, then there is a subspace Y of X with
|Y |6 κ+ and pw(Y )> κ+.
Proof. For each x ∈ X let Ux be a local base for x with |Ux | 6 κ . Construct a sequence
{Yα: α < κ+} of subsets of X and a sequence {Lα : α < κ+} of open collections in X such
that the following hold for all α < κ+:
(1) |Yα|6 κ ;
(2) Lα = {U : U ∈ Ux and x ∈ Yα} (hence |Lα|6 κ);
(3) if β < α, then Yβ ⊆ Yα ;
(4) if α is a limit ordinal, then Yα =⋃β<α Yβ ;
(5) if α is not a limit ordinal, and G is a finite union of elements of ⋃β<α Lβ such that
G 6=X, then Yα −G 6= ∅;
(6) if α is a limit ordinal, then a point z of Y−α ∩ Yα+1 witnesses that (Lα|Yα+1) is not
a base for Yα+1.
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Note that by (2), (3), and (4), {Lα: α < κ+} is increasing and La =⋃β<α Lβ for α a limit
ordinal. The difficult part of the construction is (6), which we discuss below; however,
having constructed {Yα : α < κ+} and {Lα: α < κ+} so that (1)–(6) hold, we let
Y =
⋃
α<κ+
Yα and L=
⋃
α<κ+
Lα
and then prove that pw(Y )> κ+ as required. Note that L is a base for Y .
Verification of (6). Let α be a limit ordinal. We claim: Lα is not a base for Y−α . Suppose,
by way of contradiction, that Lα is a base for Y−α . Now Lα is not a base for X (|Lα| 6
κ and w(X)> κ+) and so Y−α 6=X. Let q ∈X− Y−α and letW = {L: L ∈Lα and q /∈ L}.
The collection W is an open cover of Y−α (X is a T1-space) with |W| 6 κ ; by initial
κ-compactness there is a finite subcollection W0 of W that covers Y−α . We now have:
W0 ⊆ Lα, Lα =⋃β<α Lβ (since α is a limit ordinal), W0 is finite; it follows that there
exists β < α such thatW0 ⊆ Lβ . LetG=⋃W0, and note that q /∈G; (5) now applies and
Yβ+1 −G 6= ∅. This with (3) contradicts Y−α ⊆G.
Since Lα is not a base for Y−α , Lemma 4.1 applies and there exists A⊆X with |A|6 κ
and z ∈ (A∩ Y−α ) such that z witnesses that (Lα|A) is not a base for A. Construct Yα+1 so
that (
⋃
β6α Yβ)∪A⊆ Yα+1 (and also such that (5) holds).
Proof that pw(Y )> κ+. If not, then there is a collection B of open sets such that
• (B|Y ) is a base for Y ;
• for all α < κ+, Bα = {B: B ∈ B and B ∩ Yα 6= ∅} has cardinality at most κ .
Fix α < κ+. For each pair B,B ′ ∈ Bα , choose, if possible, LB,B ′ ∈L such that
(B ∩ Y )⊆ (LB,B ′ ∩ Y )⊆ (B ′ ∩ Y ),
and let Eα be the collection of all sets LB,B ′ ∈ L chosen in this way; note that Eα has
cardinality at most κ , hence there exist β > α such that Eα ⊆ Lβ .
It follows that we can construct a strictly increasing sequence 〈αn〉 in κ+ (with α0 < κ+
arbitrary) such that for all n ∈ ω,
Eαn ⊆ Lαn+1 . (a)
Let α = sup{αn}, and note that α is a limit ordinal. By (6), there exists z ∈ (Y−α ∩ Yα+1)
and an open neighborhoodR of z such that for all L ∈ Lα ,
if z ∈ L, then (L∩ Yα+1) 6⊂R. (b)
Now z ∈ Y , and (B|Y ) and (L|Y ) are both bases for Y , hence there exists B,B ′ ∈ B and
L ∈ L such that
z ∈ (B ∩ Y )⊆ (L∩ Y )⊆ (B ′ ∩ Y )⊆R. (c)
Now z ∈ Y−α and z ∈ B,B ′, hence B ∩ Yα 6= ∅ and B ′ ∩ Yα 6= ∅. Since α is a limit
ordinal, Yα =⋃β<α Yβ ; hence there exists αn < α such that B,B ′ ∈ Bαn . By (c) and the
construction of Eαn , there exists LB,B ′ ∈ Eαn such that
z ∈ (LB,B ′ ∩ Y )⊆R. (d)
But LB,B ′ ∈ Lα by (a), and so (d) contradicts (b). 2
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Comment on the proof of Theorem 4.2. Condition (5) is not used in the proof that
pw(Y ) > κ+; rather, its role is to insure that (6) is possible. Later in the proof of
Theorem 4.8 we will use the following observation: if {Yα : α < κ+} and {Lα : α < κ+}
are sequences such that (1)–(4) and the following modified version of (6) hold, then
pw(Y )> κ+:
(7) there is some β < κ+ such that for every limit ordinal α > β , some point of
Y−α ∩ Yα+1 witnesses that (Lα|Yα+1) is not a base for Yα+1.
Corollary 4.3 (Mišcˇenko for κ = ω [16]). If X is an initially κ-compact T1-space with
pw(X) 6 κ , then w(X) 6 κ . In particular: if X is a countably compact T1-space with a
point-countable base, then X has a countable base; for compact T1-spaces, pw=w.
Theorem 4.4. Let φ be a monotone cardinal function with pw 6 φ 6 w. Then φ reflects
κ+ for the class of initially κ-compact T3-spaces.
Proof. Let X be an initially κ-compact T3-space with φ(X) > κ+. Then w(X) > κ+,
hence by the Hajnal–Juhász reflection theorem there is a subspace Y of X with |Y |6 κ+
and w(Y )> κ+. We may assume that χ(Y−)6 κ (otherwise, there exists z ∈ Y− such that
χ(z,Y−)> κ+, and by regularity of X it follows that Z = Y ∪ {z} is a subspace of X of
cardinality at most κ+ with φ(Z)> κ+). Since χ(Y−)6 κ andw(Y−)> κ+, Theorem 4.2
applies and the proof is complete. 2
Two monotone cardinal functions that satisfy pw6 φ 6 w are the metrizability degree
m(X) (see [12]) and the uniform weight u(X) (defined only for completely regular spaces;
see [4]).
Corollary 4.5. For the class of compact Hausdorff spaces, pw, m, and u reflect all
cardinals.
Proof. Use Lemma 1.5 and Theorem 4.4. 2
We now give a proof of Dow’s original theorem using Theorem 4.2. We will need the
following general result.
Lemma 4.6. Let κ and λ be infinite cardinals with λ 6 κ and let X be a topological
space with d(X)6 κ . Suppose that for every subset Y of X with |Y |6 κ , Y is regular and
χ(Y )6 λ. Then X is regular and χ(X)6 λ.
Proof. Suppose that X is not regular. Then there exists q ∈X and an open neighborhood
R of q such that for every open set V :
if q ∈ V, then V − 6⊂R. (∗)
Let Y =D ∪ {q}, where D is a dense subset of X with |D|6 κ . Now χ(Y )6 λ, so there
is a collection {Bα : α < λ} of open neighborhoods of q such that for every open set V :
if q ∈ V , then there exists α < λ such that (Bα ∩ Y )⊆ V . (∗∗)
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For each α < λ let xα ∈ (B−α −R) and let Z = Y ∪ {xα: α < λ}; Z is regular, hence there
is an open neighborhood V of q such that
(V ∩Z)⊆ clZ(V ∩Z)⊆ R.
By (∗∗), there exists α < λ such that (Bα ∩ Y )⊆ V . We have:
xα ∈ B−α = (Bα ∩ Y )− (Y dense in X)
⊆ (V ∩Z)−.
We also have xα ∈ Z, hence xα ∈ (V ∩Z)− ∩Z = clZ(V ∩Z)⊆R, a contradiction.
To check χ(X)6 λ, let x ∈X. By hypothesis, χ(x,D ∪ {x})6 λ. But D is dense in X
and X is regular, so χ(x,X)6 λ as required. 2
Now we are ready to state and prove Dow’s Theorem in its original form. We actually
prove a slight generalization as suggested by Juhász.
Theorem 4.7 (Dow for κ = ω). Let X be an initially κ-compact space such that for all
Y ⊆X with |Y |6 κ+, Y is T3 and pw(Y )6 κ . Then X is T3 and w(X)6 κ . In particular,
if X is countably compact and every subspace of X of cardinality at most ω1 is metrizable,
then X is metrizable.
Proof. First note that X is a T1-space (apply the hypothesis to {x, y}). Suppose w(X) >
κ+. By the Hajnal–Juhász reflection theorem, there is a subspace Y of X with |Y | 6 κ+
and w(Y ) > κ+. By Lemma 4.6, χ(Y−) 6 κ , hence Theorem 4.2 applies and Y− has
a subspace Z of cardinality 6 κ+ with pw(Z) > κ+, a contradiction. So w(X) 6 κ as
required.
Since d(X)6 κ , Lemma 4.6 again applies and X is a T3-space as required. Finally, in
the case κ = ω, we have: X is T3 and has a countable base. By Urysohn’s metrization
theorem, X is metrizable. 2
We now give a standard (i.e., without elementary submodels) proof of Vaughan’s
theorem. Again we actually prove a generalization suggested by Juhász.
Theorem 4.8 (Vaughan [20]). Let d(X)6 κ+. If every subspace Y of X of cardinality at
most κ+ is regular and satisfies pw(Y )6 κ , then w(X)6 κ+. In particular, if d(X)6 ω1,
and every subspace of X of cardinality at most ω1 is metrizable, then w(X)6 ω1.
Proof. Let {dα: α < κ+} be a dense subset of X. By Lemma 4.6, χ(X) 6 κ . For each
x ∈ X let Ux be a local base for x with |Ux |6 κ . Construct a sequence {Yα : α < κ+} of
subsets ofX and a sequence {Lα : α < κ+} of open collections inX such that the following
hold for all α < κ+:
(1) |Yα|6 κ ;
(2) Lα = {U : U ∈ Ux and x ∈ Yα} (hence |Lα|6 κ);
(3) if β < α, then Yβ ⊆ Yα ;
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(4) if α is a limit ordinal, then Yα =⋃β<α Yβ ;
(5) dα ∈ Yα+1;
(6) if α is a limit ordinal and Lα is not a base for Y−α , then some point of Y−α ∩ Yα+1
witnesses that (Lα|Yα+1) is not a base for Yα+1 (use Lemma 4.1);
then let Y =⋃α<κ+ Yα and L=⋃α<κ+ Lα . We will show that L is a base for X and so
w(X)6 κ+ as required. Let
A= {α: α < κ+, α is a limit ordinal and Lα is a base for Y−α }.
We claim that A is cofinal in κ+. If not, then there is an ordinal β < κ+ such that for every
limit ordinal α with β < α < κ+, Lα is a not a base for Y−α . Hence we have:
(7) if α is a limit ordinal with β < α, then some point of Y−α ∩ Yα+1 witnesses that
(Lα|Yα+1) is not a base for Yα+1.
By the comment at the end of the proof of Theorem 4.2, we can now prove that pw(Y )>
κ+, a contradiction.
It follows that
⋃
α∈ALα is a base for
⋃
α<κ+ Y
−
α . But
⋃
α<κ+ Y
−
α = (
⋃
α<κ+ Yα)
− (since
χ(X)6 κ), and (⋃α<κ+ Yα)− =X, so L is a base for X as required. 2
It is instructive to compare the closure arguments given thus far with the original Hajnal–
Juhász proof that w reflects. Actually, as Hajnal–Juhász point out, their proof for a regular
cardinal goes through with w replaced by piw (pi -weight). So let us give the details of their
proof for piw (which need not reflect a singular cardinal; see 7.13 in [13]). We will use two
lemmas. The first is a variation of Lemma 4.1 and the second is a slight extension of the
lemma used by Hajnal and Juhász in [9].
Lemma 4.9. Let L be a collection of non-empty open subsets of X with |L|< κ . If L is
not a pi -base forX, then there exists A⊆X with |A|< κ such that L∩A 6= ∅ for all L ∈L
but (L|A) is not a pi -base for A.
Lemma 4.10. Let κ be an uncountable regular cardinal and let X be a space such that
d(Z) < κ for all Z ⊆X. Let {Yα : α < κ} be an increasing sequence of subspaces ofX and
let {Lα : α < κ} be open collections in X such that for all α < κ, (Lα|Yα) is a pi -base for
Yα . Then (L|Y ) is a pi -base for Y , where Y =⋃α<κ Yα and L=⋃α<κ Lα .
Proof. Suppose that there is an open set R such that R ∩ Y 6= ∅ and for all L ∈ L, (L ∩
Y ) 6⊂R. Let D be a dense subset of Y −R of cardinality < κ , and let C = {x} ∪D, where
x ∈ (R ∩ Y ).
Now {Yα : α < κ} is increasing, C ⊆ Y with |C| < κ , and κ is regular, hence there
exists α < κ such that C ⊆ Yα . Since (Lα|Yα) is a pi -base for Yα , and (R ∩ Yα) 6= ∅
(x ∈ (R ∩ Yα)), there exists L ∈ Lα such that (L ∩ Yα) ⊆ R. But (L ∩ Y ) 6⊂ R, hence
L ∩ (Y − R) 6= ∅. Now D is dense in (Y − R), so there exists d ∈ (L ∩ D). But
(L∩D)⊆ (L∩ Yα)⊆R, hence d ∈ R. This contradictsD ⊆ (Y −R). 2
Theorem 4.11 (Hajnal and Juhász [9]). The cardinal function piw reflects every regular
cardinal κ .
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Proof. Let piw(X) > κ with κ uncountable and regular; we will construct a subspace Y
of X with |Y | 6 κ and piw(Y ) > κ . We may assume that d(Z) < κ for all Z ⊆ X. For,
suppose that d(Z)> κ for some Z ⊆X. Now d reflects every regular cardinal, hence there
exists Y ⊆ Z with |Y |6 κ and d(Y )> κ . Since d 6 piw, piw(Y )> κ as required. We may
also assume the following (since otherwise we are finished):
if Y ⊆X with |Y |< κ, then piw(Y ) < κ. (∗)
Construct a sequence {Yα: α < κ} of subsets of X and a sequence {Lα : α < κ} of open
collections in X such that the following hold for all α < κ :
(1) |Yα|< κ and |Lα|< κ ;
(2) if β < α, then Yβ ⊆ Yα ;
(3) L ∩ Yα 6= ∅ for all L ∈ (⋃β<α Lβ), but (⋃β<α Lβ |Yα) is not a pi -base for Yα (use
Lemma 4.9; Yα =A∪ (⋃β<α Yβ));
(4) (Lα|Yα) is a pi -base for Yα (use (∗)).
Let Y =⋃α<κ Yα and L=⋃α<κ Lα . Clearly Lemma 4.10 applies and (L|Y ) is a pi -base
for Y . The proof is complete if we can show that piw(Y )> κ . Suppose that B is a collection
of open sets with |B|< κ and (B|Y ) is a pi -base for Y . Now (L|Y ) is a pi -base for Y , so
there exists L′ ⊆ L with |L′|< κ and (L′|Y ) is a pi -base for Y . Since |L′|< κ , there exists
α < κ such that L′ ⊆⋃β<α Lβ . By (3), L ∩ Yα 6= ∅ for all L ∈ L′, but (L′|Yα) is not a
pi -base for Yα . It follows that (L′|Y ) cannot be a pi -base for Y , a contradiction. 2
The cardinal functions d and piw are very similar with respect to their reflection
properties. Compare the following with 2.5, 2.6, 2.7 and 2.8:
(1) piw reflects every regular cardinal (Hajnal–Juhász);
(2) piw strongly reflects every strong limit cardinal for the class of Hausdorff spaces
(Theorem 4.12 below);
(3) assuming GCH, piw reflects all cardinals for the class of Hausdorff spaces;
(4) piw need not reflect a singular cardinal for the class of T1-spaces (see 7.13 in [13]);
(5) for a successor cardinal κ+, piw need not satisfy IU(κ+) and need not strongly
reflect κ+ for the class of completely regular Hausdorff spaces (Theorem 4.13
below);
(6) for all κ > ω, piw need not satisfy IU(κ) and need not strongly reflect κ for the class
of T1-spaces (Theorem 4.14 below).
Theorem 4.12. For a strong limit cardinal κ , piw strongly reflects κ for the class of
Hausdorff spaces.
Proof. Let piw(X) > κ . Then d(X) > κ as well. (Suppose d(X) < κ . By the de
Groot inequality |X| 6 exp(exp(d(X))), |X| < κ ; from this we obtain w(X) < κ , a
contradiction.) Now d strongly reflects κ (Theorem 2.6), hence there exists Y ⊆ X with
|Y | 6 κ and d(Z) > κ for all Z with Y ⊆ Z ⊆ X. But piw > d so piw(Z) > κ as
required. 2
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Theorem 4.13. For a successor cardinal κ+, piw need not satisfy IU(κ+) and need not
strongly reflect κ+ for the class of completely regular Hausdorff spaces.
Proof. The required space X is a subspace of the Cantor cube D(κ++) of weight κ++.
Let X =⋃{Xα: α < κ++}, where for each α < κ++,
Xα =
{
f : f ∈D(κ++) and f (β)= 0 for α < β < κ++}.
Note that piw(X) > κ++ (see 2.7 for a proof that d(X)> κ++). It remains to write X as
the union of an increasing collection of κ++ subspaces, each of pi -weight at most κ .
For each α < κ++ we construct a subspace Yα of X such that Xα ⊆ Yα ⊆ Xα+κ and
piw(Yα)6 κ . Let {dβ : β < κ} be a dense subset of Xα and let
(α,α + κ)=
⋃
{Eβ : β < κ},
where {Eβ : β < κ} is a pairwise disjoint collection and each Eβ is countably infinite, say
Eβ = {γβ,n: n ∈ ω}. For each β < κ and each n ∈ ω define hβ,n :κ++→ {0,1} by
hβ,n(δ)=

dβ(δ), δ 6 α,
1, δ = γβ,n,
0, otherwise.
Let Yα = Xα ∪ {hβ,n: β < κ and n ∈ ω}. Clearly Xα ⊆ Yα ⊆ Xα+κ ; moreover, each set
{hβ,n} is open in Yα and {hβ,n: β < κ and n ∈ ω} is a pi -base for Yα (use the fact that
{dβ : β < κ} is dense in Xα).
Now construct an increasing sequence {δα: α < κ++} in κ++ as follows:
δ0 = 0,
δα+1 = δα + κ,
δα =
⋃
{δβ : β < α} (α a limit ordinal).
Then {Yδα : α < κ++} is the required increasing collection of subspaces of X. 2
Theorem 4.14. For the class of T1-spaces and for all κ > ω, piw need not satisfy IU(κ)
and need not strongly reflect κ .
Proof. Let X = [0, κ+); a base for the required topology on X consists of all sets of the
form
[α,κ+)− {α1, . . . , αn} (α < α1, . . . , αn < κ+).
Note that piw(X) = κ+. To complete the proof, it suffices to write X as the union of an
increasing collection of κ+ subspaces, each of countable pi -weight.
Let β < κ+ be a limit ordinal with cf (β)= ω (there are κ+ such β) and let {βn: n ∈ ω}
be a strictly increasing sequence in [0, β) such that β = sup{βn}. A countable pi -base for
[0, β) is{[0, β)∩ [βn, κ+): n ∈ ω}.
Finally, X =⋃{[0, β): β < κ+ and cf (β)= ω} as required. 2
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Many open problems remain concerning reflection theorems. When GCH is assumed,
we do not know whether this assumption can be omitted. Neither do we know the extent to
which the examples we have constructed are the best possible.
References
[1] A.V. Arhangel’skiı˘, On bicompacta hereditarily satisfying Suslin’s condition; tightness and free
sequences, Soviet Math. Dokl. 12 (1971) 1253–1257.
[2] A. Dow, An empty class of nonmetric spaces, Proc. Amer. Math. Soc. 104 (1988) 999–1001.
[3] A. Dow, An introduction to applications of elementary submodels to topology, Topology
Proceedings 13 (1988) 17–72.
[4] R. Engelking, General Topology, Heldermann, Berlin, 1989.
[5] J. de Groot, Discrete subspaces of Hausdorff spaces, Bull. Acad. Pol. Sci. 13 (1965) 537–544.
[6] A. Hajnal, I. Juhász, On hereditarily α-Lindelöf and hereditarily α-separable spaces, Ann. Univ.
Soc. Budapest Eötvös Sect. Math. 11 (1968) 115–124.
[7] A. Hajnal, I. Juhász, Discrete subspaces of topological spaces II, Indag. Math. 31 (1969) 18–30.
[8] A. Hajnal, I. Juhász, Some remarks on a property of topological cardinal functions, Acta Math.
Acad. Sci. Hungar. 20 (1969) 25–37.
[9] A. Hajnal, I. Juhász, Having a small weight is determined by the small subspaces, Proc. Amer.
Math. Soc. 79 (1980) 657–658.
[10] R. Hodel, On a theorem of Arhangel’skii concerning Lindelöf p-spaces, Canad. J. Math. 27
(1975) 459–468.
[11] R. Hodel, Cardinal functions I, in: K. Kunen, J. Vaughan (Eds.), Handbook of Set-Theoretic
Topology, North-Holland, Amsterdam, 1984, pp. 1–61.
[12] R. Hodel, Extensions of metrization theorems to higher cardinality, Fund. Math. 87 (1975) 219–
229.
[13] I. Juhász, Cardinal Functions in Topology—Ten Years Later, Math. Centre Tracts 123,
Amsterdam, 1980.
[14] P. Maddy, Believing the axioms I, J. Symbolic Logic 53 (1988) 481–511.
[15] D.A. Martin, Hilbert’s first problem: the continuum hypothesis, in: F.E. Browder (Ed.),
Mathematical Developments Arising from Hilbert Problems, Proceedings of Symposia in Pure
Mathematics 28, Amer. Math. Soc., Providence, RI, 1976, pp. 81–92.
[16] A. Mišcˇenko, Spaces with point-countable bases, Soviet Math. Dokl. 3 (1962) 855–858.
[17] K. Nagami, Σ -spaces, Fund. Math. 65 (1969) 169–192.
[18] R.M. Stephenson, Initially κ-compact and related spaces, in: K. Kunen, J. Vaughan (Eds.),
Handbook of Set-Theoretic Topology, North-Holland, Amsterdam, 1984, pp. 603–632.
[19] M.G. Tkacˇenko, Chains and cardinals, Soviet Math. Dokl. 19 (1978) 382–385.
[20] J. Vaughan, On Dow’s reflection theorem for metrizable spaces, Topology Proceedings, to
appear.
